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Abstract 

We calculate the one-loop corrections to gauge couplings in N=l supersymmetric brane 
world models, which are realized in an type II A orbifold/orientifold background with 
several stacks of D6 branes wrapped on 3-cycles with non-vanishing intersections. Con- 
tributions arise from both N=l and N=2 open string subsectors. In contrast to what is 
known from ordinary orbifold theories, N=l subsectors do give rise to moduli-dependent 
one-loop corrections. 



1. Introduction 

Intersecting brane world models have proven to be provide an interesting frame- 
work of getting string compactifications with promising phenomenological features. For 
the type IIA superstring these compactifications contain in particular several types of D6- 
branes which are wrapped around 3-cycles of the internal space. Chiral fermions appear 
at intersections of branes at angles. The chiral fermion spectrum is determined by the 
topological intersection numbers of the relevant 3-cycles. Part of space-time supersymme- 
try is preserved if the D6-branes are wrapped around supersymmetric (special lagrangian) 
3-cycles, which are calibrated with respect to the same holomorphic 3-form as the 06- 
planes are. This scenario was intensively investigated in the context of toroidal type IIA 
orientifolds and also for Calabi-Yau orientifolds, and in fact models with spectrum iden- 
tical to the non-supersymmetric or supersymmetric Standard Model could be explicitly 
constructed. In a T-dual respectively mirror symmetric description one is dealing with 
D9-branes with additional gauge fluxes turned on. This can been seen very explicitly for 
the toroidal models after performing the T-duality transformation with respect to three 
internal directions. Then the various angles of the D6-branes translate themselves into 
constant magnetic gauge fluxes on the D9-branes, such that the internal torus becomes 
non-commutative. 

In the present paper we turn to the question of computing one-loop gauge threshold 
corrections in intersecting brane world models, which is also very important from the 
phenomenological point of view. Unlike what happens e.g. in perturbative heterotic string 
vacua, the tree-level gauge couplings for the various gauge groups, arising from different 
stacks of branes, are not the same at the string scale. They follow from dimensional 
reducing the Born-Infeld action of a L>6-brane on a 3-cycle of an internal six-torus Tg and 
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are essentially determined by the volume of the 3-cycle. E.g. for a six-torus Tg = H ^2 

and a special 3-cycle embedded with the wrapping numbers (n^, m^) w.r.t. to the two-tori 
T| the gauge couplings are given byB ||,|| 

3 . . 

9aXee = 1^ U V (^^a)^ (i^i)^ + {minRiy + '2nWaR{Ri COS C^' , (1.1) 

j=i 

with the type // coupling constant A// (c/. the next section for more details). Hence a 
priori there is no unification of gauge couplings at the string scale (at string tree-level). 
One-loop gauge threshold corrections (to the gauge group Ga), which take into account 
Kaluza-Klein and winding states from the internal dimensions and the heavy string modes. 



^ The imaginary part of the standard D = 4 dilaton field S fofiows for (n{,m;^) = (1,0), i.e. 



A4 
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may change this picture For certain regions in moduh space these corrections may 
become huge and thus have a substantial impactH on the unification scale. One-loop 
gauge corrections are very important quantities to probe the low-energy physics below the 
string scale as they change the running of the gauge couplings for scales fi below the string 
scale according to the Georgi, Quinn and Weinberg evolution equations of ordinary field 
theories: 

^ ^ +-^ln^^^+Aa. (1.2) 



fa(^) al, tree IStT^ //2 

In the type IIA picture with intersecting D6-branes these threshold correction will 
depend on the holomolgy classes on the 3-cycles (open string parameters) and also on 
the closed string geometrical moduli. In toroidal models these corrections will be given 
in terms of the wrapping numbers n^,m^ and the radii i2] of the torus, in analogy to 
their tree-level counterparts (|1 . 1|) , however in a more complicated way. In the equivalent 



T-dual picture the threshold corrections will be a function of the open string magnetic 
gauge fiuxes and of the geometrical moduli of the dual compact space. Since the gauge 
fiuxes are directly related to the non-commutativity parameters of the internal torus, we 
obtain in this way some interesting, new informations for one-loop threshold corrections 
on non-commutative tori in string theory, a discussion which extends recent results on 
one-loop corrections on compact non-commutative spaces in the literature M and will be 



further discussed in flO 



In this article we shall calculate the quantities for a class of realistic brane world 
models realized through intersecting branes which are wrapped on internal tori. We mainly 
focus on supersymmetric intersecting brane models and leave the discussion of the non- 
supersymmetric case for a future publication [jl^. The main motivation to discuss super- 



symmetric models is, that in these theories vacuum i?-tadpoles and therefore also vacuum 
A^iS-tadpoles are cancelled, as the tensions of the D-branes and of the orientifold planes 
precisely balance each other. As we will show this guarantees also the absence of both 
R and A^5'-tadpoles for one-loop gauge couplings, thus providing UV-Rnite results for 
these corrections. On the other hand one-loop gauge corrections in non-supersymmetric 
intersecting brane models are plugged by C/y-divergences. Ultimatively however, one shall 
be interested in non-supersymmetric models. But it seems more convenient, to start with 
a supersymmetric intersecting brane model, in which at least certain couplings are free 
of [/^-divergences and then breaks supersymmetry by some mechanism, which does not 
spoili the C/V-finiteness of the couplings. As the main result of this paper we will show 



2 This effect has been thoroughly investigated for heterotic N=l string vacua in ||5|-|^ and will 
be discussed for the models under discussion elsewhere [^. 

^ This procedure is possible on the heterotic side, where world-sheet modular invariance guar- 
antees t/l/-finiteness even after supersymmetry breaking. See Ref. ||Tl|] for a detailed discussion 
on this problem. 
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that the threshold corrections in N=l sectors of intersecting brane world models exhibit 
a very interesting, new moduli dependence which is in contrast to the one-loop threshold 
correstions of heterotic N=l sectors, which are moduli independent. 

After a short introduction into the construction of these models we work out in section 
2 the background gauge dependence of the partition function of the open string sectors. 
After a brief review of the technical aspects of orientifolds with supersymmetric intersecting 
branes, we discuss in subsection 3.1. for a given gauge group the possible contributions 
from the various open string diagrams to its one-loop correction. These contributions, 
originating from so-called N=l and N=2 supersymmetric sectors, will be calculated in 
subsections 3.2. and 3.3, respectively. The calulation for the N=l sectors need some 
excursion into the mathematical problem of how to extract Dirichlet series from modular 
forms. This allows us to perform certain Schwinger type integrals over Eisenstein series, 
presented in appendix A. In addition we shall need some useful spin-structure sums of the 
gauged open the string partition function, presented in appendix B. In subsection 3.4 we 
prove the finiteness of our one-loop gauge threshold results. This needs the UV-limits of 
the gauged open string partition functions, which we exhibit in appendix C. We shall see, 
that in the case of non-anomalous gauge groups only NS-tadpoles have to be cancelled. 
The explicit moduli dependence of our N=l threshold result, given through the radii R\ 
rather than the angles of the branes, is shown in subsection 3.6. In subsection 3.7 we apply 
our results from subsections 3.2 and 3.3 to write down the one-loop gauge corrections for 
a Z2 X Z2 orientifold example with stacks of intersecting branes. 

2. Intersecting branes and gauged open string partition functions 

In subsection 2.1 we review general aspects of intersecting branes in IIA toroidal com- 
pactifications, which take over to orientifold constructions without or with orbifold twists. 
Some important technical details of the latter, which represent more general brane con- 
structions, in particular with the possibility of having N=l space-time supersymmetry, will 
be reviewed in subsection 2.2. The main result of this section are the partition functions 
for open strings stretched between intersecting branes in the presence of a (space-time) 
magnetic field. They will be derived in subsection 2.3. These formulae are quite general 
and may be used for intersecting branes both in toroidal and orientifold/orbifold compact- 
ifications of type II string theory with arbitrary amount of supersymmetry. 
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2.1. Toroidal compactification of intersecting branes 

We consider configurations of type II D6 branes wrapped on non-trivial three-cycles 
of a six-dimensional torus T^. The gauge theories on the four non-compact dimensions 
of the brane world-volume are generically non-chiral and non-supersymmetric, whereas 
the bulk, where all closed string modes live, preserves all 32 supersymmetries of type II. 
However placing intersecting branes into an orientifold background (c/. Section 3 for more 
details) allows for both non-chiral and chiral supersymmetric gauge theories. The torus 

3 

is taken to be a direct product Tq = H ^2 three two-dimensional tori T2 with radii 

R\, R2 angles w.r.t. to the compact dimensions e'J,e2. The Kahler and complex 
structure modulus of these tori are defined as usual: 

W = -^e*"' , = V + iR{R{ sinct^' , (2.1) 

with the torus S-field V . Furthermore, the three-cycle is assumed to be a factorizable 
into a direct product of three one-cycles, each of them wound around a torus T2 with the 
wrapping numbers {n^ ,m^) w.r.t. the fundamental 1-cycles of the torus. Hence the angle 
of the DG-brane with the y^-axis is given by 

tan(^^ = ^^. (2.2) 

Generally, two branes with wrapping numbers {n^^,m^^ and (?7,;^,m^), are parallel in the 
subspace T2 , if their intersection number 

/^. = det(:i "4) (2.3) 

W.r.t. to this subspace vanishes, = 0. For later convenience let us also introduce: 

7TV^ := arctanh(J^^) , (2.4) 

which implies = in . Chiral fermions appear at (non-vanishing) intersections of two 
L)6-branes. 

In the T-dual picture, the L)6-branes at angles cfp are mapped to DO-branes with 
magnetic fiuxes or background gauge fields FK Thereby the gauge field (magnetic fiux) 



on the brane is related to the angles (|2.2|) through: 



R{Ri 

which results from ( |2.2| ) by a T-duality in all ^2"^ ^directions. 



: iF^ , (2.5) 
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2.2. Some technical aspects of intersecting branes in orbifold/orientifold backgrounds 

The condition for tadpole cancellations in II A orientifold backgrounds in four space- 
time dimensions requires a system of D6 branes which has to respect the orbifold and 
orientifold projections. In particular this means, that in addition to each brane a system 
of mirror pairs have to be introduced. In the models, discussed in [|T^,|T^, the D6 branes 
are located along each orientifold plane and tadpoles are cancelled locally. This leads 
to a non-chiral N=l spectrum in D = 4. However, as realized in this setup 

may be relaxed by placing the D6 branes at angles w.r.t. only one orientifold plane. 
In addition, for consistency with the orbifold/orientifold group their orbifold/orientifold 
mirrors have to be introduced. In doing so, it is possible to cancell (non-locally) tadpoles 
from several orientifold planes with fewer branes than if one placed branes on top of each 
orientifold plane. The requirement of -R-tadpole cancellation leads to some constraints 
on the number and location of the D6 branes. Further restrictions arise in the case of 
space-time supersymmetry, where NS vacuum tadpole cancellation follows from R vacuum 
tadpole cancellation. One main advantage of allowing for branes with non-vanishing angle 
w.r.t. to the orientifold plane is the possibilty of a chiral N=l spectrum. 

Intersecting brane world models with N=l supersymmetry in D = 4 have been intro- 



duced in [|T2| , p!3| , p!6| , |T7| through orbifold/orientifold projection. The orientifold action flTZ 
in theses models is a combination of reversal of world-sheet parity O and a reflection of 
the three internal coordinates: 

TZ: y2,4,6 ^ _y2,4,6 _ (2.6) 

The orbifold group is generated by elements from Zn (or Zn x Zm)- The latter are 
represented by the 9 (and u), describing discrete rotations on the compact coordinates Y\ 
This action restricts the compactiflcation lattice and flxes some of the internal parameter 
( p.l|) to discrete values. The orientifold 06-planes describe the set of points which are 
invariant under the group actions 07^, VtlZO^ , VtlZu^ and VtlZO^u)^. These planes are 
generated by rotations of the real y^i-i g^^es by and will be denoted by O^k-^i 

in the following. 

The models we shall discuss consist of several stacks a of iD6-branes. To each stack, 
consisting of Na parallel branes, a specific gauge groupS Ga is associated. In addition, 
in orbifold/orientifold backgrounds, there must exist to each stack a a set of orbifold 
mirrors ^"a and orientifold 07^-mirrors thereof in order to be consistent with the orbifold 
and orientifold group. This way we obtain an array of D-branes at angles, if the stacks go 



^ Before the orientifold and orbifold projection the gauge group is U (Na) in the case, when the 
branes are not parallel to an orientifold plane within some subspace. Otherwise the gauge group 
is USpiNa) or SO{Na). 
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through a fixpoint of the orbifold group, the case we shaU consider here. Hence, foUowing 
the terminology of [^, any stack a is organized in orbits, which represent an equivalence 
class [a]. For N,M ^ 2 the length of each orbit [a] is at most 2NM, but may be smaller, 
if e.g. stack a is located along an orientifold plane. In that case the length of the orbit is 
only MN. Since a Z2 orbifold twist leaves a brane invariant, in the case of A^, M = 2, the 
class [a] consists of just two elements. Stacks within a conjugacy class [a] have non-trivial 
intersections among each other and w.r.t. to stacks from a different class [b] belonging to 
the gauge group Gb- 

The orientifold and orbifold group lead to various open string sectors describing strings 
starting and ending on the D-hranes. The way, how all these sectors contribute to the 
vacuum partition function is highly determined by the requirement of vacuum tadpole can- 
cellation. In addition some conditions on the representation of the orientifold group on the 
Chan-Paton indices follow. Open strings starting on a brane from a and ending on one of 
its orbifolded mirrors 9"^ a belong to the so-called open string ^^"-twisted sector. In addi- 
tion, as known from closed string untwisted orbifold sectors, there exist twist insertions 9^ 
in the partition function, which restricts the contributions to the spectrum to 9^^ invariant 
states. This means, that in an annulus diagram A^^, , which describes an 6'^"'-twisted open 
string starting on stack a and ending on its mirror a' = 9'^a, the two stacks a and a' and 
the orientation of the open string have to be invariant under 9^. In addition we have open 
string exchanges A^j^ between branes from different classes [a] and [6], supplemented with 
the twist insertion 9^. Its is evident, that for branes sitting not at orientifold planes a 9^^ 
twist insertion is only possible, if 9'^ represents a Z2 twist, i.e. for 9^^ \u^'/^ in the case 
of even order orbifolds. However, in |T^,rB|| it has been shown, that this statement holds 



also for branes sitting at orientifold planes. Generically open string annulus diagrams with 
Z2 twist insertions lead to twisted sector tadpoles in the closed string channel. The latter 
describing an exchange of a twisted 5-form field cannot be cancelled by other amplitudes. 
Therefore one imposes a twisted sector tadpole cancellation condition on the 7^fe -matrices 



acting on the Chan-Paton factors of the open string ends [12,13 



IV7,%/, = , 'IV7^M/2 = , Tt-f^M/2^M/2 = . (2.7) 

This conditions ensure, that we have not to further discuss those sectors in the vacuum 
partition function, and we drop the subscript k on A^^, , A^^. We shall show in section 3, 
that this statements takes over for the calculation of the one-loop gauge couplings. The 
complete annulus partition function takes the form 

K K K 

A=Y,NaNb J2 Aab= Yl NaY.^bY.^-f' + Y.^- , (2.8) 

a, 6=1 aela] a=l,...,K ''=1 ag[a] a=l a,a'ela] 

b<E[b],a^b b^a be[b] a^^a' 
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with the model dependent numbers a^f,, which may looked up from Refs. [12,13,1^. The 



numbers A^^ , A*";, arise from the traces over the 7-matrices acting on the Chan-Paton factors 
(7? = livj: 

Tr7i" = Na . (2.9) 

We divided the sums into contributions from open string exchanges within one conjugacy 
class [a] and exchanges between stacks from different conjugacy classes [a] and [b]. In the 
next subsection we shall see, that this split turns out to be important to disentangle the 
various contributions to the one-loop gauge corrections. 

Contributions to the Mobius partition function may come from untwisted and twisted 
sectors with insertion ^11Z9^ . In both cases the whole arrangement has to be invariant 
under the action of VtlZO^ . An untwisted Mobius diagram ^ with insertion VtTZ9^ 
describes a string starting and ending on stack a. Because of the insertion VtlZO^ , this 
exchange may be only possible, if stack a sits on the orientifold plane OQ^-j^Qk := 06^ (see 
the examples in Ref. A Mobius diagram accounting for a string starting from 

stack a and ending on its orientifold image VLTZa admits only the twist insertions 1 or 9^/"^, 
provided stack a does not sit on an orientifold plane. We shall denote these two diagrams 
by and ^^e'^/'^Q.-Ra' respectively. Restrictions on the allowed twist insertion O'^ 

follow also for twisted Mobius diagrams. Namely, only the combinations ^^mie^'a 
^QTZa e^-'-'a represent twist invariant open string exchanges. The brane VtlZO^a arises 
from a reflection of brane a on the orientifold plane 06^. As we shall see in subsection 
2.4 these combinations lead to only untwisted sectors after transforming into the closed 
string channel. This is in agreement, that only untwisted closed strings interact with the 
crosscaps. With QTZO'^ = 9^~^QTZ, we may express all possible Mobius contributions! to 
the vacuum partition function by the following sum 

K N-l 

(2.10) 

a=l ae[a] k=0 

with the phases Pane'" ^ ^ result from taking the trace 

^[(7g^'^)*7n7^..] = Pnne^ (2-11) 

over the matrices ^Qj^gk , '^n^Qk " representing the twist action QIZO^ on brane o and flTZO'^a, 
respectively. The latter relation generally holds for the Chan-Paton matrices in orb- 
ifold/orientifold compactifications thanks to the relation: (7f27^^fe")*7f27^e'= ~ Peine'' 7i = 



^ To keep the formulae readable we only display the Mobius sector for Zjv orbifolds. The 
changes to be made for Ztv x Zm orbifolds are straightforward. 
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2.3. Gauging the open string partition function 

All branes we have described above have in common their four-dimensional (non- 
compact) Minkowski space. Hence their gauge fields are located on parallel four- 
dimensional subspaces, which may be seperated (in the cases I^f^ 7^ and I^^, 7^ 0) in 
the transverse internal dimensions. One-loop corrections to the gauge couplings are real- 
ized through exchanges of open strings in that transverse space. The open string charges 
Qa, Qb at their ends couple to the external gauge fields sitting on the branes. Only annulus 
A and Mobius M diagrams contribute, as torus and Klein bottle diagrams refer to closed 
string states. 

When we consider the one-loop correction to the gauge group Ga, at least one open 
string end has always to be charged under the gauge group Ga, i.e. at least one open string 
end must always end on a brane from stack a (or from its mirrors e^'a^nne^a,...). Open 
string exchanges between parallel branes preserve N=4 supersymmetry in the case of no 
twist insertion. Therefore, neither Aaa nor M^^ give rise to gauge coupling renormalization. 

Three different kinds of open string exchanges are possible: An (annulus) exchange 
Aab between stack a G [a] constituing to the gauge group Ga and stack b G [b] belonging 
to the gauge group Gb- Second, we have to consider (annulus) open string exchanges Aaa' 
between two stacks a and a' from the conjugacy class [a] associated to the same gauge 
group Ga- Since 0! this exchange generically belongs to the open string twisted sector. 
Third, there is the whole set of Mobius diagrams referring to stack a and showing up in 
the sum ( p.lO|) for a. 



After having presented formally the various kinds of open string diagrams relevant for 
one-loop gauge couplings in orbifold/orientifold backgrounds with intersecting branes, we 
shall now discuss their gauge background dependent partition functions. We shall compute 
the one-loop corrections to the gauge couplings by the background field method: We turn 
on a (space-time) magnetic field, e.g. F23 = BQa in the X^-direction and determine the 
dependence of the open string partition function on that field. Here, Qa is an appropriatley 
normalized generator of the gauge group Ga under consideration. The second order of 
an expansion w.r.t. to B of the gauged partition function gives the relevant piece for the 
one-loop gauge couplings. This procedure has been previously already applied in [ p!8| , p!9[] to 
obtain one-loop gauge threshold corrections in certain type / orientifold compactifications. 
The presence of an external (space-time) gauge field strength F := F23 = BQa, which 
couples to the chargesi g^, Qa' of the open string ends, results in an shift of the open string 



oscillator modes by the amount [|2^ 



ne = arctan(7rq'(ji?) + arctan{nqa'B) . (2-12) 



^ More precisely, qa,qa' are the eigenvalues of the group generator Qa acting on the Chan- 
Paton states of both string ends. 
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This shift modifies the eve spin-structure part of the open string space-time partition 
function in the following way |2l 



1 



9 



(0,r) 



r7(r)2 ?7(r) 



e 


'<5i' 







1/2 
1/2 





it 13 

it P e-2^^"(^2-i) 
it P e-'^^'<^^-^^ 



(0,r) 



1 
1 

«2-f 



(0,r) 
(0,r) 



1 e 



r 



it 

2 ' 



(2.13) 



it 



+ 



(0,r) 



2 ' 



with: 



P = TCB {qa + Qa' 



(2.14) 



Here, and tm are the modular parameter of the annulus and Mobius open string 
partition functions, respectively. In the Mobius amplitude Ma the two endpoint charges 
are the same, while for the annulus amplitude Aab describing an open string exchange 
between one stack of gauge group Ga an an other stack of different gauge group Gb the 
second charge is zero (under the S-field under consideration). Thus we have for the net 
oscillator shifts ( p.l2|) : 



Aab ■■ 






Aaa' '■ 






Ma-. 




= 2 



arctan(7rq'ai?) + arctan(7r(3'a'-B) 



^2.15) 



In addition we obtain for ( |2.14| ): 



Aab ■■ 


Pab 


Aaa' '■ 


Paa 


Ma-. 


Pa-- 



= TlB Qa , 

= TtB {qa + Qa') 

2nB Qa . 



(2.16) 



Now we have collected all details to gauge the partition function of an open string 
stretched between two intersecting stacks a and b (a', respectively) with rotation angles 
(pi^ and (pl {(pa'^ respectively) w.r.t. the three complex tori The latter have been 
presented in [jT^, however may be easily obtained by applying the procedure ( |2.13| ) also 
on the internal open string coordinates: 



^ The modification in the odd part of the partition function is more involved due to the presence 
of fermionic zero modes. Eventually we are interested in CP even gauge couplings. Hence we do 
not have to worry about gauging odd fermions. 
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The gauged open string partition function for an open string stretched between 
a stack a associated to the gauge group Ga under consideration and a stack b of different 
gauge group becomes: 

d' 



X 



/3at llZi(t,T\V' 



e 




( ieabt it\ a 
\ 2 ' 2 J ^ 


"<5i" 


(0,1)^-'^ 


e 


1/2 
1/2 


( ieabt it \ 
\ 2 ' 2 / 


T] ( 


ji-j9-3d 



d 



ab 



9 




f<b^ 
\ 2 ' 


2y 


9 


1/2 
1/2 


{<bt 
\ 2 


it ^ 
2y 



(2.17) 



The spin structure sum runs over even spin-structures d = {61,62 
given by S(o,o) = 1, S(o,i) = «(i,o) = -1- The quantity v^^^ {cf. ( 
angle of brane a and b 



only. Their phases are 
I)) decribes the relative 

vit--=<-K = -i<Pi-<Pl) (2-18) 

TV 

in close analogy to what happens in the space-time in the presence of the background 
magnetic field B {cf. ( |2.12| )). Furthermore, the supscript (i = 0, . . . , 3 denotes the number of 
internal tori, in which the brane a and b have non-vanishing intersection 7;^^^ 7^ 0, i.e. f^j^ 7^ 
0, ±z. In the remaining d' complex internal coordinates they have vanishing intersections 
f = 0, ±z. Hence w.r.t. these tori T2 the open strings have non-vanishing Kaluza-Klein 
momenta and windings. Their mass is given by the mass formula of open strings stretched 
between two parallel Dl branes, which are wrapped around the torus T2 with wrapping 



numbers (n^,m^). Their (zero mode) partition function has been determined in [22,2 



\r+T's\ 



with the moduli ( p.l|) and 

^2 



i \2 



^K)' + ^«)^ + 2<m'„cosa^ 

T3i \ a./ T3i \ a/ ' a a 

K2 



sm a' 



(2.19) 



(2.20) 



Here and in the following and are assumed to be coprime integers in order to avoid 
multiple wrappings. Since we focus on intersecting D6 branes with a four-dimensional 
Minkowskian space we have d + d' = 3. For the annulus amplitude describing open 
strings starting and ending on stacks a and a' within the same orbit [a] and thus belonging 
to the gauge group Ga we obtain: 

d' 



X 



9 




( i^aa't it\ 

V 2 ' 2; 


9 






9 


1/2 
1/2 


f i<^aa't it^ 

J V 2 ' 2y 




77 ( 


,+ \ 9— 3d 
f) 



aa' 



9 



2 

1 

L 2 J 



' 2 



■ it 
2 



(2.21) 
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As before (c/. (|2.18| )), f^^, is given by the relative angle of the two branes a and a': 



rk\d 



(2.22) 



Furthermore, for the gauged Mobius amplitude M^'^^^f,^{B) describing an open string 
starting on a generic stack a G [a] of the gauge group Ga and ending on its orientifold 
mirror VLTZO'^a supplemented with the twist insertion 9^ ^ we obtain: 



d' 



n^06, U{t,T\VU:) Y.'s 



n ' ^ 



(0,1 + i) 



1=1 

3-d 



e 


52 _ 


( iCat it 1 1\ 

\ 2 ' 2 ~'~ 2/ 


9 


1/2 
1/2 


( icat it , 1\ 
\ 2 ' 2 2/ 



i=l 



IN 9-3d 



d 

J] 2^^ 



^aXine'-a ^\% \ ('^a"'^' 2+2) 



9 



k-j. it , 1 



(2.23) 

Here, v^'^ is related to the angle (j)^'^ between brane a and the orientifold plane OQk 
through: 



[2.24) 

The twist insertion 9^^ is automatically respected by choosing f ^'-^ in that way. Of course, 
for fc = 0, we just have cf)^^^ = (j>l, with being the angle of brane a w.r.t. to the positive 
axis Y'^^~^. The factor 2^^ is an important correction [0, relevant if brane a is orthogonal 
to the orientifold plane 06k in the torus T2, ^.e. 5 = 1 for cj)'^'^ = The intersection 
number I^'L^nu counts the number of 07^^^-invariant intersections of the two branes a 



rk\j 



:2.25) 



with (n-QQ ,mQQ ) characterizing the orientifold plane 06k w.r.t. to the torus In 



particular we have [p4,16.25 



-2 {mi + \ni) , /c = , 



2^-^ ni 



k = 1 



(2.26) 



for a Z2 orientifold with (s = 1) or without [s 
two 06-planes in T2 are given by 



0) tilted tori T|. In that case the 



(2,0) and in^o6,: 



m 



O61. 



(0,21- 



Contributions Li from zero modes are possible, if brane a and its image VtTZ9^a are parallel 
w.r.t. some torus i. This is only possible, if brane a sits on the orientifold plane 06fc w.r.t. 
that torus Tj, i.e. t;^'* = 0. In that case KK momenta parallel and windings orthogonal to 
the orientifold plane OQk are invariant under the action VtlZ9^ and contribute to the sum 



2 06. 



ir+2^T"s 



(2.27) 
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with = for Z2, Z4 orbifolds with A-tjpe lattice and fx = 1 in the case of S-type lattice, 
and 



1 



sin a-? 



(2.28) 



Except for the Z2 and Z4 orbifold with A-type lattice the windings are doubled compared 
to the winding contribution of the annulus diagram (p.l9| ) . We refer the reader to the orig- 
inal literature [|T2| , [T3| , p6tp7| concerning the possible choices of lattices for a given orbifold 
action. In addition, for orbifolds other than Z2 we have to choose R\ = -^2- 

2.4- Gauged open string partition functions in the closed string channel 

Finally, in this subsection we present the gauged partition functions, given in Eqs. 
( p.lTp , ( |2.21|) , and ( p.23|) in the closed string channel, i.e. replacing the modular parameter 
t by / = 1/t and I = l/(4t) for the annulus and Mobius amplitude, respectively. This yields 
the following expressions, which we shall need in the following sections 

d' 



1=1 



9 




(ea6,2z/)^ 




(Q,2ilf~'^ 


9 


" 1 " 

2 
1 

. 2 - 


(eab,2z0 


r){2ilf-^'^ 



9 


_52_ 




9 


" 1 " 
2 
1 

- 2 - 





(2.29) 



d' 



At'{B) = 2''-\~lYl Paa' B \[V: Z,{l,T\V: 



i=l 



X 
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~Si' 


{eaa',2tl)9[ll 


{0,2il)^-'^ 


9 


" 1 " 
2 
1 

. 2 . 


(w,2.o vm^-'' 



i=i 
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~Si' 




9 


" 1 " 
2 
1 

. 2 . 


(^^aaM2z/) 



(2.30) 



with the resummed lattice function: 

z,(i,T\v:: 



E 

r,s6Z 



e 2 



(2.31) 



Furthermore for (|2.23|) we obtain: 



d' 



M 



k:d 



1=1 



9 


~Si' 

_S2_ 


(t,2z/-i) 


9 


" 1 " 
2 
1 

. 2 . 


(f,2z/-i) 



d' 

xn- 



,3-d 



r? {2il - i) 



IN 9-3d 



rfc;j 
^a,mZ9''a ^ 


_<52_ 


2z/ - i) 


9 


' 1 " 
2 
1 

. 2 . 


(it;^'^ 2z/ - 1) 



(2.32) 
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with the Poisson resummed expression 



1 ^ _7rZ-2£*L|2-f'r+T*s|2 

L^il:T\Vl,,J = - J2 e , (2.33) 

r,seZ 



with /i = for Z2, Z4 orbifolds with A-type lattice and /i = 1 otherwise. 



3. One— loop gauge corrections in supersymmetric intersecting brane world 
models 

In the following we consider K stacks a, 6, ... of branes in an N=l orientifold/orbifold 
background. Each stack a has Na parallel branes constituing the gauge group Ga after 
the orbifold/orientifold group action. To handle the various mirror images of a given stack 
under the orientifold/orbifold actions it proved to be convenient to introduce the notation 
of a conjugacy class [a] associated to each stack a. Of course, each member of the conjugacy 
class [a] appears itself to be a stack of Na copies of the same branes. (c/. the previous 
section for further details). 

3.1. Contributions to the one-loop gauge corrections 

To obtain the gauge-threshold corrections w.r.t. a given gauge group Ga one has 
to extract the order 0{B'^) part from the gauged partition functions ( p.l7|) , ( |2.21| ) and 



( p.23|) . A system of intersecting branes may give rise to various sectors with different 
space-time supersymmetries. The amount of supercharges which is preserved by a pair 
of distinct stacks a and b (or two stacks a, a' from the same conjugacy class [a]) depends 
on their relative angles {4'aa') w.r.t. the internal complex dimensions, given in Eq. 
( p.l8|) . Open string exchanges between parallel branes {i.e. lab = or = 0) preserve 
sixteen supercharges and therefore do not lead to any gauge coupling renormalization. On 
the other hand open string exchanges from sectors, which preserve either N=l or N=2 
super symmetry, give rise to an non-vanishing one-loop gauge correction. Hence, if one 
'^ab 7^ '^aa' 7^ ^) torus , a portlou of the sixteen supersymmetries is broken 

and we expect non-vanishing one-loop gauge couplings for these cases. 

According to the discussion in subsection 2.2 several origins for no n- vanishing one- 
loop gauge corrections may be possible: The first case, where stack a G [a] associated to 
the gauge group Ga under consideration, preserves N=l or N=2 supersymmetry with a 
stack b G [b] from a different stack b. These cases, collectively denoted as a6-exchange, 
are described by the gauged annulus partition functions A^^'^'^(i?), presented in ( |2.17|) . 
They give rise to the one-loop gauge corrections A^~^'^, respectively. Second, N=l or 
N=2 supersymmetric sectors are possible for open string exchanges between two stacks 
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a, a' G [a] stemming from the same conjugacy class. These diagrams, summarized as 
aa'-exchange and described by the ampUtude lead to the corrections A^7^'^. 

Finally, depending on the amount of supersymmetry preserved by the two stacks a and 
WZO^a, the gauged Mobius diagram M^^^Qk^{B) gives rise to the one-loop gauge correc- 
tion^ ^a'rmefea ^a fme^a' ^spectively. The latter describe open strings starting on 
brane a and ending on its orientifold image VtTZO'^a. 

To summarize, let us present the complete one-loop correction to the gauge coupling 
fif^2 of the gauge group Ga 

K N-1 

= E E + E + E E Knne^a : (3.1) 

alEla] a,a'e[a] aEla] k = 

with the Schwinger integrals (converted into the closed string channel): 

OQ 

I dB^ 



Air- =27r-M T^^^KT^B) 









00 



B=0 



B=0 



(3.2) 







B=0 



The factor 2 in the front of the interals accounts for the two different orientations of the 
open strings w.r.t. to stack a. The group trace Tr is accomplished by summing over all 
string endpoint charges qa, Qb {Qa', respectively) augmented with the orientifold projection!. 
We will be more precise about that in the following subsections. In addition, on the symbol 
A we have put the subscript A'^ = 1, 2 referring to the amount of supersymmetries preserved 
by the two branes involved. As described before, N=l,2 supersymmetries are respectively 
related to (i = 3, 2 tori T2 , in which the branes have non-vanishing intersections. The sum 
( p.l|) represents a sum over various open string sectors in close analogy to the expressions 
( p78|) and ( p.lO|) . However, the sum ( |3.1|) includes much fewer sectors, since at least one 



In the case of a Mobius diagram we shall always keep the twist order k as subscript on 

k;N = l,2 

a,mze''a 



the correction A'^'^^^'^ in order to distungish it from the correction from an annulus diagram 



aa 



9 



The phase PQ-jzgk in the sum ( 2.101) , which arises from ( p.ll| ), will show up again after 



performing the traces within the intergal ^'^'^■j^l'k^- 
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open string end has to couple to a brane of gauge group Ga- In addition N=4 sectors do 
not contribute. 

After these preparations let us now determine the general form of the one-loop gauge 
threshold correction ( pi.lD by evaluating the Schwinger integrals for N=l and N=2 

supersymmetric sectors of intersecting brane world models, leading to the results for 
^ofe"^ '^' ^oa^^ '^ n^e'fe^a' respectively This will be accomplished in several steps: 

From the closed string expressions ( |2.29| ), (|2.30|) , and ( |2.32| ) entering ( p.2|) we determine 
that piece which is second order in the magnetic field B, perform the spin-structure sum 
and eventually do the integration. In additon we must clarify the possible existence of UV 
divergences in ( |3.1| ). We give the general rules for vanishing f/lZ-divergences in subsection 
3.4. In subsection 3.7 we apply our results to present the gauge thresholds for a Z2 x Z2 
orientifold model. 



3.2. Gauge thresholds from N=l supersymmetric sectors 

Let us first determine A^^""^ for the case when stack a and h preserve N=l supersym- 
metry. To extract from Aab{B) the second order in the magnetic field B we use 



dB'^ 



B 



^6 



e 




(eab,r) 




' 1 " 




6 


2 

1 

. 2 - 


(eab, r) 



B=0 



7r2 g2 n 



5l 
52 



(0,r) + -i?2(r)^ 

D 



5l 
^2 



(0,r) + 



27r2 



S2 



(0,r) 



(3.3) 



i+nrqaB gjygj^ j^g ( |2.15|) . For the N=l supersymmetric sector only the 



with e^^*^"'' — -, . R , 
last term of ( ^.3| ) gives rise to a non-vanishing contribution to ( |3.1| ) after performing the 
spin-structure sum. That contribution we have calculated in the Eq. (B.2). Hence the 
gauge threshold corrections for an N=l sector take0 the form 



aN=1 



dl 



[e^i^vl,2^l) e,{ivl,,2il) e^{ivl,,2il) 



(3.4) 



for the case f + + v^^ = 0. Here the N=l /^-function coefficient is given by: 



lN=1 



lab TriQl-fl 



(3.5) 



We reinstated the charge operator Qa of the gauge group Ga and the matrices 7", acting 
on the Chan-Paton states at the endpoints of the open strings. They fulfill 7^ = In,, 



In the following, from the possible realizations of N=l supersymmetry, zizv^i, ± v'^i, ziz v^b = 0, 
we investigate the case + + '^ab — 0- The other cases follow from the latter by changing 
signs. 
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T^,13|, since A^^ branes sit on top of each brane from stack b. The order of Qa and 7^ in 



the trace is not relevant, since Qa commutes with 7^ . Otherwise the gauged open string 
state would have not survived the orientifold projection. With this information we obtain: 

bZ=' = U Tr{Qllt) IV(7t) = N, Tr{Ql) . (3.6) 

At this point, we easily see why annulus diagrams Aab with Z2 twist insertions do not 
give rise to one-loop gauge corrections. Due to (|2.7|), i.e. Tr7^^/2 = 0, following from 
the cancellation of twisted sector tadpole contributions, annulus diagrams with Z2 twist 

insertions give rise to vanishing /3-function coefficients, i.e. Aab = 0. Finally, we have 

3 

defined: lab = II ^L- 

The integrand of (|3.4|) does not change when if^^ is shifted into the region — tt < 



^^a& < TT by integers of ±1. Hence we may perform shifts on the angles cpl^ such that 
eventually \ivab\ < tt is achieved. However only those shifts are allowed, which preserve 
the condition f + f + v^^^ = 0. To evaluate (p.4|) we start from the relation 



^i^^ = -z|-ln0i(zt;,r) = -7rzcoth(H-y;«2fc M'''' [E2k{r) - 1] , (3.7) 



k=l 

which can be derived from the identities [ES 



f#T = e^-^ , c.2. = -^9^52. = 2C(2fc), (3.^ 

Oi{z,T) {2k)\ 

and: 



00 



z'"' =ln{7vz)-\nsm{7Tz) , 0<z<l. (3.9) 



k=i 



2k 



After inserting (|3.7[) into (|3.4D , the first term of ( |3.7| ) gives rise to the following ap- 



parent divergent0 integral: 

POO 

C=' = 2z6^r' [coth(7rt;i,) + coth(7rt;2j + coth(7rt;3j] / dl , (3.10) 

^0 

with {of. Eq. (C.3)): 

i>& |t + rniml |f + (n^m^ + nlmi) cos 



n 

coth(7rz;^J = zcot((^^ - (PI) = i 



riam'^^ — nlrria sin a-' 



(3.11) 
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UV divergent in the open string sector. 
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The expression (|3.10| ) can be identified with the UV divergence stemming from the NS 
sector, derived in Eq. (C.ll) (c/. subsection 3.4). Note, the additional factor of 2 in ( |3.10| ) 
from the two different open string orientations. It will prove to be important for the 
cancellation of NS tadpole contributions in the complete expression (p?T|), after taking 
into account similar divergences from the other sectors. We shall discuss them later and 
discard 5^^^ for a short moment to come back to it in subsection 3.4. 



Let us now proceed with the sum of (|3.7| ), which represents the pure string contribution 
and gives rise to the following type of integrals: 



dy [E2n{iy) - 1] 



(3.12) 



A naive integration of the Eisenstein function E2n{w), given as power series in e~^^^, 
would lead to a non-converging series. The situation is to be contrasted with integrals 
over the torus fundmantal region of modular invariant functions as they arise from closed 
string one-loop amplitudes [^. In these case, the UV region y — > is excluded, which 
allows to use an expansion of the modular function w.r.t to e"^'^^ and leads to finite results. 
On more mathematical grounds, the integral ( p.l2|) represents an isomorphism between a 
modular form and a Dirichlet series. This problem has been studied by Hecke and we will 
apply his methods in Appendix A. In fact, there we shall see, that the integrals ( |3.12D can 
be evaluated after analytic continuation with the result0 (A. 16): 



dl [E2n{2il) - 1] 



2— 271^1 — 2ti 



(2n)! 



(l-2n)|S2. 

[ dl r [E2{2il) - 1] = — - - ln2 . 
J ne n 





oo 



C(2n- 1) , n > 1 



(3.13) 



Essentially the parameter e > originates from a dimensional regularization (cf. also ||30|| ). 
The term — — - In 2 accounts for the infrared divergence of massless closed string modes. 
The summand k = 1 of (|3.7D is linear in iv, which thanks to supersymmetry, vanishes in 



the expression (|3.4| ) after summing over all three complex planes. Hence we may drop the 
case k — 1. With the results ( p.l3|) the last sum of (|3.7|) can be integrated to: 



oo 

« oo 

jdij:. 

n k — 2 



a2k (iv 



,2k-l 



[E2k{2il) - 1] = -TT ^(zt;; 

k=2 



'-IT In 
2 



2k -1 

-2iyj,v r(l -it^) 



r{i + iv) 
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We use C{2n) 



-,2n-l 2n 



(2n)! 



Bo 



(3.14) 
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For the last step we used the identity 



31 



21 a;2n+l 



n=l 



1 



- C(2n+ 1) = - In 



r(l + x)_ 



, a; G R , < 1 . 



(3.15) 



After these preparations we are ready to determine ( p.4|) . For l^f^^l = < 1 we 

obtain: 



AN=i - an=i ,a^=i 1, r(i - i</>L) r(i - i</'L) r(i + i<^L + i<^L 



r(i + i^/'L) r(i + i</>L) r(i 



(3.16) 



Here the moduh dependence is given imphcitly through the relation (|3.11|) . In subsection 
3.6 we shall present an alternative expression for ( |3.16| ) showing its explicit dependence 
on the radii R\^R\. Due to the symmetry behaviour of b^j^^, following from lab ^ ~Iab 
under the exchange of the two branes a ^ the whole result A^^""^ does not alter under 
permuting the brane a and b. 

Let us now come to the Mobius sector (p.23| ), describing an open string starting from 
brane a and ending on a' = VtlZO^a. Similar as before, using Eq. ( p.3|) and the spin- 
structure sum (B.2), the correction from the N=l sector can be expressed by (r = 2il — i) 



fc;N=l 
a,mZ9''a 



_4 -1 j^k-N=l 



dl 



9i{iva'^,T) 6'i(ifa'^,r) Oiiiva'^^r) 



(3.17) 



for the case v'^'^ + f^'^ + f^''^ = 0, with the /3-function coefficient: 



r fc;N=l 



-Knno'^a Tr[Q^ (7^S^)*7n7^..] = -2 Pane^ Ia;06, TriQl) . (3.18) 



We used ( |2.11|) to perform the trace over the 7-matrices. As before for A^^ ^, with the 
help of (|3.7| ), we may disentangle C/V-divergent contribution of ( p.l7|) : 



dl 



(3.19) 



In addition, we have defined Ia-06k — Yl ^i-06 ■ With the integrals 

3=1 ' 



dl [E2n{2il 



-,2n-4 



2n^l-2n( 



2n)l 





00 



{l-2n)\B2r 



C(2n- 1) , n > 1 



J dl r [i?2(2z/-^)-i] 



3 3 , „ 

+ ^ln2 



47re 4n 



(3.20) 
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following from (A. 17) the finite part of ( p.l7|) can be integrated to give a similar expression 
than ( CT) 



A;;N=1 



r-fc;N=l 



_ 1 7 fc;N=l 



r(i - 1<^^^^) r(i - 'i^i^^f) r(i + ^./>^^i + f </>^ 



2 J,fc;2 



2 J,A;;1 



2 ^fc;2N 



In 



2 J,fc;2^ 



2 Ak\l 



l^'=;2^ ' 



(3.21) 



with the hidden moduli dependence encoded in the angles ( p.24|) through through: 



coth(7r^;^'^) = icot((/)^;^) = icot((/)^„ - (j^^^J 

-ft 2^ 1 -ft 



06fe,a 



^1 



-^2 



sinct-' 
(3.22) 

Again, the angles (j)'^'^ have to be shifted into the domain — § < (pa''' < § by integers of 
±7r. However only those shifts are allowed, which do not alter the integrand of ( |3.17| ) and 
obey the supersymmetry condition cj)'^'^ + (j)^'"^ + (j)^'^ = 0. 

Finally, let us move on to the corrections A^^/ arsing from an open string exchange 
between a stack a and one of its mirrors a' G [a]. We first note the identity 



TT {qa + Qa' 



B 



e 


~5i' 


(eaa',r) 




' 1 " 
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2 
1 

. 2 - 


(eaa',T) 



B=0 



2 <ii + Qi' J 1. 

3^ 



5i 

52 



{0,r) + -E2ir)e 

D 



+ 7r 



2 QaQa' 



^0 



1 



5l 
52 



(0, r)--E2{T)9 



Si 

S2 



5i 

52 

(0, 



(o,r) + ^r 



5l 
52 



5r 

52. 

(0,r) 



(0,r) 



(3.23) 

(i+z7rqa,B)(i+t7rq^,B) ^ fj^Qj^ ( 2.15 ). This relation allows us to ex- 



with e^^*^''"' — — -. rrui — -■ ry- 

tract the 0{B'^) part from Aaa'iB). We do not discuss any further the second term of 
( p.23|) , since its factor in front has a charge combination, which corresponds to the trace: 
Tr(Q„7f )Tr((5„/7f') = 0. These traces vanish 



TV(Q„7«) = Tt{Qa) = (3.24) 

under the assumption, that the gauge group Ga under consideration is not one of the 
possible anomalous ^7(1) gauge groups of the theory under consideration. Putting the first 
piece of ( |3.23| ) into the spin-structure sum (c/. appendix B.l.) yields (r = 2il): 

AZ=;' = -2n-H^j' dl 

Jo 



0'i«a'.r) e[{tvi,,,T) e[{ivt,,r) 



(3.25) 
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with the /3-co efficient 



b^j' = laa' [TriQlj1)Tr{ri') + Tr{j1)Tr {QIj^')] = 2 Tr{Ql) . (3.26) 

The integral ( |3.25|) contains an UV divergence analogous to (|3.10|) : 



/•oo 

C7i=2z6^„7i [coth(7T^i,) + coth(7rt;l,) + coth(7r^;3^,)] / dl , (3.27) 

which entirely steams from the A^S'-sector and will be further discussed in subsection 3.4. 
Like in the previous cases the integral ( |3.25| ) yields: 



. N=i ^ .N=i _ , N=i , r(i - ^<i>lj r(i - ^<plj r(i + ^<Pl,^ + ^<I>IJ 

r(i + 1^ J r(i + J r(i - - J ' ^ ^ ^ 

In analogy to ( |3.11| ) the difference of the angles and c/)-'^, are related to the radii through: 



coth(7r?;^„,) = i cot((^^, - (pi) = i 



im-' , - ,mi sin a-?' 

(3.29) 



3.3. Gauge thresholds from N=2 supersymmetric sectors 

The discussion of N=2 sectors is somewhat much simpler as for N=l sectors since 
branes of this sector represent 1/2 BPS saturated objects and therefore only massless open 
string states contribute to the gauge coupling renormalization. This manifests in drastic 
simplifications in the gauged open string partition functions for this sector (at second order 
in the magnetic field B). For N=2 sectors, whose spin-structure sum has been performed 
in appendix B.2., we have f^j, = w.r.t. the i-th plane and ± f^j, = for the two 
remaining planes. With Eq. (B.3) the second integral of ( p.2|) boils down to: 



^at=' = bl='V: I dlZS.TW:), (3.30) 
with the N=2 /3-function coefficient: 

= ^(Qa7i)Tr(7?) = -2m I^lL T^iQl) ■ (3-31) 

Again as before the same argument about possible Z2 twist insertions applies: With ( |2.7] ) 
for such sectors the /3-function coefficient and hence also A^^""^ vanish. A divergence 

/"OO 

Sl-'=bT'v: dl (3.32) 
^0 
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due to the zero momentum state (r, s) = (0, 0) in (|2.31| ) is encountered in ( |3.30| ) for the 
hmit / oo. After inspection of (C.IO) it is identified as a potential tadpole contribution 
in the A^5'-sector. As before for (J^;,'"^, we shall discuss its relevance in subsection 3.4, where 
we shall conclude that in the complete expression ( P?T| ) all C/F-divergences are cancelled. 
Hence we split that term from the integral A^^""^ and write 



(r,s)/(0,0) (3.33) 



POO 

Jo 



with the constant k = 'Je — ln(47r). The last integral has been already performed in 
Refs. 1^. Its /i?-regularization is achieved by some sort of dimensional regularization 
. We conclude, that apart from its second term In the functional form of the gauge 
threshold correction A^^""^ is the same as we know already from N=2 type / orientifold 



compactifi cations [18,19 



Not much changes for the open string exchange between stack a and one of its mirrors 
a' . For this case we obtain the one-loop gauge correction 



(3.34) 



/>oo 

Jo 

with the N=2 /3-function coefficient (c/. the arguments leading to Eq. ( p.26|) ): 

6^„72 = -2Ii^,lL' [Tt{QI^^)Tt{^^')+Tt{^^)Tt{QI^^')] = -4 iV„ I^jI^, Tt{QI) . (3.35) 
Again, in the NS sector we have to face a divergence 

/"OO 

V: / dl (3.36) 



sN=2 _ tN=2 
■'aa' — '^aa' 



from the zero momentum state (r, s) = (0, 0), to comment on later. 

Finally let us come to the Mobius sector Ml^,^^gf,^ with N=2 supersymmetry, i.e. 
brane a and its image VtTZO'^a are parallel within one torus T2, i.e. (^^'* = 0. The insertion 
VtlZO^ leaves invariant momenta parallel and windings orthogonal to the orientifold plane 
OGfc w.r.t. to the z-th plane. These states are encoded in the lattice sum Li(t, T*, Vqq^), 
given in ( p.27| ). In that case the relevant gauged partition function is ( |2.32| ), with d' = 
l,d = 2. Its second order in B may be obtained from Eq. (B.3). It gives rise to the 
one-loop gauge correction 

ASS^. = 4 y^,^ / dl L,i4l,T\V^,^, ^^^^^ 

[lnT2^|r7(2'^r)|4 + lny^6^+ln4-^] , 



= 4 b'-^'f=' 

aa' 


V6e. 1 
Jo 


c-fc;N=2 
= ^aa' - 


Ka' 
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with the N=2 /3-function coefficient (c/. (gTTT])) 



= 8 A^a Pnne'' ^OGk^a ^06k;a Tr(Qa) • 
The potential tadpole contribution 

oo 

sir' = b^J=' V^,^ I dl (3.39) 



in the NS sector from the zero momentum state (r, s) = (0, 0) will be discussed in a 
moment. 



3.4- Tadpole cancellation in one-loop gauge corrections 

One important question in any type / one-loop calculation is the possible existence of 



UV divergences of the integrals (|3.2|) in the open string channel t ^ 0. For the one-loop 
vacuum amplitude, given by the sum of (|2.8|), ( p.lO| ) and the Klein bottle contribution, the 
cancellation of UV divergences is guaranteed by the imposed tadpole cancellation. The 



question of absence of UV divergences in the full expression (|3.1|) has to be addressed 
again. The background B, introduced in the open string partition function, may give 
rise to NS-tadpoles of the graviton, dilaton and two-index antisymmetric tensor through 
couplings in the Born-Infeld action. Furthermore, the R-piece of the UV divergence may 
give rise to tadpoles of the Wess-Zumino type world brane couplings. These two types of 
divergences must vanish seperately in a consistent theory. 

Eventually we would like all coefficients in front of the divergent integrals encountered 
before to add up to zero. Therefore, we investigate the coefficients of the integrals and 

oo 

define Sx = Tr{Qa)'^ kx J dl, with X being one of the subscripts. Let us first collect the 



coefficients k of all potential divergent terms 6 encountered in subsection 3.2 and refering 
to N=l supersymmetric sectors. We have ( |3.10| ) 



Kab = 2i Nb lab [coth(7rt;^;,) + coth(7rt;^^) + coth^irvli,)] 

1 



-2 A^, 



E 

2, 



(i,j.l) = 
(1,2, 3), {2, 1,3), (3, 1,2) 

1 



sma' 



R^ 



jj ji 

^ab ^ab 



jj jl 

^ab ^ab i 



(1,2, 3), (2, 1,3), (3, 1,2) 



(3.40) 
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and a similar expression from (|3.27| ): 

Kaa' = 4i Na laa' [coth(7rt;^„, ) + coth(7rt;^„, ) + coth{nvl^, 



(i,J,0 = 
(1,2, 3), (2, 1,3), {3, 1,2) 



sma' 



^1 



{i,J,0 = 



(1,2, 3), (2, 1,3), (3, 1,2) 



aa' aa' 



(3.41) 



Finally the relevant coefficient of ( ^.191 ) may be rewritten: 



K 



a,mze'^a 



-8i Na pans^ ^a-06k [coth(7ri)^''=) + coth(7rt;^''=) + cotli(7rt)^''= 



8 Na Pnne'' 



{i,J.O = 
(1,2, 3), (2, 1,3), (3, 1,2) 



sma' 



LyOfc a Til "-^Dfc a pi 



(3.42) 



(i,J,0 = 
(1,2, 3), (2, 1,3), (3, 1,2) 



tJ jl 



The first observation we should make here is, that the tadpole contributions (|3.40| ) , ( |3.41|) , 
and ( ^.42| ) boil down to the N=2 expressions ( |3.32| ), ( |3.36D and ( |3.3y| ) after respecting the 
intersection properties in that case. That is why we have dropped the subscripts N=l 
at the 5's in the above formulae. We shall use the latter in the following both for N=l 
and N=2 sectors. Moreover, from the expression in appendix C we realize, that those 
parts of the Mobius Maa' and the annulus diagram Aab, which give rise to one-loop gauge 
corrections, may have only A^5'-tadpoles, but no i?-tadpoles. This statement takes over to 
the annulus Aaa' diagram if only charges from one open string contribute (planar annulus), 
what precisley is the case in the other two diagrams mentioned before. We have seen from 
( p.23| ) , that only charges from one string end contribute in the case of anomlay free gauge 
groups, i.e. in the case Eq. ( |3.24| ) holds. Hence, the absence of -R-tadpoles in one-loop 
gauge corrections is directly related to the absence of gauge anomalies. On the other hand, 
in the case of anomalous gauge groups in the non-planar annulus contribution of Aaa' 
an UV divergence, proportional to Tr{Q), appears from tadpoles of an anti-symmetric 
tensor field. This field couples to the background gauge field through a Green-Schwarz 
interaction. The situation is similar to what happens in the one-loop couplings of 
50(32) type / string in D = 10: There the UV divergence of a planar annulus diagram 
is cancelled against the divergence from the Mobius diagram. No potential gauge anomaly 
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arises from these diagrams. On the other hand, the anomaly of the non-planar annulus 
diagram is cancelled through an exchange of an anti-symmetric tensor field in the closed 
string channel. This effect is seen as massles closed string pole in the non-planar annulus 
calculation. 

All the coefficients of potential A^5'-contributions ( p.40|) , 
summed up according to and give a zero result: 

K N-l 

E E '^"^ + E + E E ^.nne^a = • (3.43) 

i)=l ae[a] a,a'£[a] a,a'e[a] fc = 

b^a b<E[b] o^a' a^a' 

This expression has to vanish in order that no A^5'-tadpoles appear in our one-loop gauge 
threshold calulation. In the following let us prove the validity of this equation for the 
Z2 X Z2 orientifold. 



3.41) and (3.42) have to be 



Z2 X Z2 orientifold: 

As a concrete example, let us check the validity of (|3.43| ) for the Z2 x Z2 orientifold. 
Type II A compactified on a Z2 x Z2 orbifold, supplemented with the VtlZ orientifold 
projection ( |2.6| ) , represents a rather simple background for intersecting branes to fulfill the 
requirements for vacuum tadpole cancellation and N=l chiral supersymmetry in L> = 4. 
These conditions are given by Eqs. ( |2.7|) and (3.49). For details see Ref. |jl^,|5l. The 
orbifold group is represented by the twists 6 = |(1,— 1,0) and iv = ^(0,1,-1). We 
have the four 06-planes 07^, QTZ9, QTZuj, and QTZOiv. Their i?i?-charges are cancelled 
by introducing stacks a of D6 branes with wrapping numbers (n^, m^) w.r.t. to the three 
internal tori T2 . The orbifold group generators 9 and w map each brane onto itself. In that 
case to each stack a only one mirror a' = TZa is required. This means, that the conjugacy 
class of a consists of only two elements, namely: [a] = {a, TZa}. Due to the simple structure 
of conjugacy classes the general formula (|3.1|) for the one-loop gauge corrections to the 
gauge group Ga boils down to: 

K 

Ag, = i^ab + Kb' + K'b + K'b') + Ka' + 2(AL, + A^„, + A-„, + A^-,) . (3.44) 

b=l 
b^a 

Note, that there a four possible twist insertions 1,6,uj,6uj into the Mobius diagram de- 
scribing a string starting on a brane from stack a and ending on its orientifold mirror 
a'. 

We shall investigate the cancellation of tadpoles in the gauge threshold result ( |3.44| ) for 
any intersecting brane setup which fulfills the requirements of vacuum tadpole cancellation. 
We first specialize to untilted tori Ti^, i.e. the latter are chosen to be rectangular {a^ = |^), 
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though the generahzation to tilted two-tori is straightforward and will be discussed at the 
end of this subsection. In that case, the orientifold mirror a' of a brane a with wrapping 
numbers {ni^,mi) takes the wrapping numbers {ni^^—mi^). According to ( p.40| ) an N=l 
annulus diagram, which describes a string starting on stack a, referring to the gauge group 
Ga under consideration and which ends on stack b from a different gauge group, contributes 
the coefficient 



K 



K 



f^ah = ^ l^ab + f^ab' + l^a'b + f^a'b' 



b=l ai^{a,mZa} 



b=l 
b^a 



K 



6=1 beib,mZb} (i,j,k) = 

b^a ae{a,mZa} ( 1 , 2 , 3) , (2 , 1 , 3) , (3 , 1 , 2 ) 



R\ 



Rn 



^a^bl^ + 'l^a'l^b^ ) ^ab^ab 



-ftn 



R} R^ R^ 



pl p2 p3 



2 3 



+ {'mlmlnl-^ - n\nlnl-^ + nlmlml-^)y^Ni, mini 
^1 ^2 ^1 TTi 



mi 



b^a 

K 



pl p2 p3 

, 1 o o -iXo 12 3 "^2 12 3 \ X ^ AT" 1 



pl r2 p3 " 

/I 2 S 1 1 2 S 1 1 2 3 1 \ \ ^ AT" 1 

-/Xo -/Xn -/Xo 



^ i)=i 



(3.45) 

in front of the potential UV divergence. Furthermore, an annulus diagram within an 
conjugacy class describes an open string exchange between stack a and its mirror a' and 
leads to tadpole coefficient: 



Hn.n.' 



= -4iV„ 



E 



(1,2, 3), (2, 1,3), (3, 1,2) 



R\ 



„• R^ 



a a -p^^ a a -p^i / aa 0,0, 



2 3/ 1\2 2 3 -^1 1 3 1/2\2 3-^*^l 1 2 12/3 



R1 



2_l_2/_3\2 



R 



Rn 



— (mlS^m 



pl p2 p3 

2 3 2 3 -'^2 1/ 2\2 3 1 3 "'^2 1 2/ 3\2 1 2 -'''2 



(3.46) 
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Finally, with the intersection numbers ( |2.26|) and the general expression (|3.42|) for the 
Mobius divergence we obtain: 



-2^ i pn7^ ^l^l^l [coth(7rz;^) + coth(7rz;^) + coth(7rz;^ 
2*^ pnn 

-2^ i pfiTie nlnlml [tanh(7rt;^) + tanh( 

/ 1 9 

Pnne 



pi p2 p3 

1 2 S -^1 1 2 S 1 1 2 S 1 

n„m„m„ — r + m„n„m„ — tt + m„m„n„ 

d d d 7~>1 u u d oz d d d 7~>o 

JrL2 -n.2 J^2 



nvl) + coth(7rt;3)] 



2^ 



pl p2 p3 

1 2 S 2 12 3 2 1 2 S 1 

It]^ xt]^ -r£2 



-2^ z pn7^^J "T-a^a^a [+ coth(7rt;^) + tanh(7rt;^) + tanh( 



TXV, 



(3.47) 



2 p^77^a 



pi 

12 3 1 
'^a'^a'^a~fyi 



R2 

1 2 3 -'''2 



r3 

12 3 ^2 
a a a ^3 



K 



0LJ 



_26 _1_2_3 



2 poTie. 



« Pnneuj nim-^n"^ [tanh(7rz;^) + coth(7rz;^) + tanh(7r'i;^)] 

2 



pi 

,1™2_3 ^2 



2 



h^Ti Tl rj 

a a a tiZ 

JXn 



1 2 3 ''2 

d d d T~>0 

^1 



The phases resulting from the traces ( |2.11| ) may be taken from |jT^: pqtzo = Prniu = 
paneuj = —1, and pn7^ = 1- With this information we add these tadpole contributions 
according to (|3.44| ) and find a vanishing result: 

^Ga = l^ah + Kab' + Ka'b + l^a'h' + Kaa' + 2(k^„, + + Ca' + ^aa' ) = • (3-48) 

To prove this identity, one only needs to apply the vacuum RR tadpole constraints ||T^: 



K 



K 



a=l 



minimi 
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J^Nanlmlml^-W 

a=l 
K 



(3.49) 



a=l 



a=l 



In addition the twisted tadpole conditions (|2.7|) have to hold, which enabled us to disregard 
6, uj, ^c<;-insertion in the annulus diagrams. The generalization to tilted tori is straightfor- 
ward. Only the following modifications have to be performed in the Eqs. (|3.45|) -( |3.47| ): 
changing m{ m{ = + in{ in the case of a tilted torus Ti^, and replacing in Eq. 
( p.47|) the intersecting numbers for the untilted case with the relevant numbers ( p.26|) for 
the tilted case. Finally, to proof ( |3.48| ) for the tilted case, the vacuum tadpole condition 
for that case p5|] has to be borrowed. In fact, we went through all these steps to prove 
( p.48| ) also for the tilted case. Hence in the Z2 x Z2 orbifold/orientifold with intersecting 
branes, the cancellation of vacuum tadpole contributions (|3.49| ) implies the cancellation of 
tadpoles arising in an one-loop gauge threshold calculation. 
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3.5. General structure of one-loop gauge threshold corrections 



We have already explained in subsection 3.1, that due to the orbifold/orientifold action 
a stack a of Na branes has several mirrors, all together summarized in the conjugacy class 
[a]. In orbifold/orientifold backgrounds with intersecting branes the spectrum and group 
representations of the open strings is organized according to which branes the open string 
ends couple. 

From this analysis three different N=l open string sectors are possible. The open 
string sectors aa, a' a', . . ., with a, a', . • • ^ [o], which describe open strings stretched be- 
tween branes from stack a,a' , . . . respectively, represent the vector multiplets describing 
the gauge group Ga- The latter is subject to the orbifold and orientifold action. In addition 
there are adjoint chiral matter fields coming from this sector. Since these strings are always 
stretched between two parallel branes, i.e. preserve N=4 space-time supersymmetry, they 
are not relevant for gauge coupling renormalization. Open strings stretched between one 
brane a of the gauge group Ga and an other brane 6 of a different gauge group Gb give rise 
to lab chiral fermions in the bifundamental representation of the gauge groups Ga and Gb- 
Here lab is the intersection number (^]^) of brane a and b. More generally, after taking 
into account the various images contained in [a] and [b] we obtain from the open string 
sectors ab + ba, ab' + b'a, a'b + ba', . . . chiral fermions in the bifundamental of the groups Ga 
and Gb with multiplicities lab, lab' , la'b, • • •, respectively. We have seen, that those open 
string sectors contributelll to the one-loop gauge correction Aq^ the amount (c/. ( |3.16|) ) 

AN=i _ ,„ m-i'l'L) r(i - ^./.L) r(i - 

" r(i + i^,;jr(i + i^,L)r(i + iC)' 

with (/)^^ being the angles between the branes a and b. The latter respectllil the N=l 
constraint + + = 0. The coefficient (c/. (^)) 

&fr' = Nb lab T,{Ql) (3.51) 



We do not display the potential divergences 5 encountered in the previous subsections, as we 
have shown in subsection 3.4, that they are cancelled anyway after adding up all those potential 



tadpole contributions (c/. Eq. ( 3.43D ). 

"""^ Note, that according to the comments made before Eq. (3/7) the angles (/)^^ are assumed to 
be shifted back into the range < < tt. 
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represents up to a sign the one-loop /3-function coefRcientlll It precisely ac- 

counts for lab bifundamental representations (A^a,-^^), (-^a,-^b), • • • of the gauge groups 
U{Na) X U{Ni,). The latter is the gauge group arising from the stacks a and b before 
the orbifold and orientifold twists (c/. also footnote 4 for the case, if one stack is parallel 
to an orientifold plane). Note, that a negative intersection number lab gives rise to —lab 
fermions of opposite chirality. Finally, open strings starting and ending on two different 
branes from one conjugacy class [a], give rise to the sectors aa' + a' a, with a, a' G [a]. 
We obtain symmetric and antisymmetric representations of Ga from an open string 
stretched between the branes a and a' . Additional symmetric and antisymmetric repre- 
sentations of Ga with multiplicity Io6k;a arise, if a' = VtlZO^a. These sectors have annulus 
and Mobius diagrams contributing to the one-loop gauge correction Ag^ , given by (P?! 



and ( p.21|) , respectively. With the relevant choice of angles 4>''a'a ^^'^ these corrections 
take the same form as ( |3.5C1| ) up to a modification of their coefficientslli (c/. Eqs. ( |3.26| ) 



The field-theoretical one-loop /3-function coefficient is obtained from tlie /i?-limit t ^ oo 
of the integrands (|3.2| ) after converting them into the open string channel. For A^^~^ this leads 



to: 



. N = l -1 ■ iN = l 

iXab = TT I bah 



°° dt 



12 3 

(3.52) 



0' f "ab'- ^t^ ft' ( labt H\ a' i ab 

1 , ~r 9 . ~r 



I ab It 

V 2 ' 2 



2 '2'' "^'^ 2 '2'' "^'^ 2 '2''J 



In the limit t ^ oo the latter expression reproduces the one-loop running of the effective field 
theory (c/. (O)). With lim I'^lft'tl = -{2k - l)Tvi , {k - 1) < -iv < k , we verify 6^^=^ as 
being related to the correct /3-function coefficient /3^^^ through: 



for the choice < (pla,4'ba < Note, that the sign flip in ( |3.53| ) is manifest in the logarithmic 



expression of ( 3.50 ). 

For the Mobius diagram the transformation of (3.17) back into the open string sector yields: 



Afe;N = l _ -l.,fe;Af = l f dt 

a,nne''a ~ ^ ^ a,mze''a J f 



(3.54) 

Hence the field-theoretical /3-function coefficient is equal to b^.Q^gk^ up to a sign 

.N=i _S-€,nne^a^ < 0^ + < f , ,„ 



for the choice < (b)''^ .dt'"^ < n. 
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and (p^)): 

k-N=i (3.56) 
^a-ane'-a = "2 A^a Pnne^ h-OG^ T^iQa) 

accounting for the number of possible symmetric and antisymmetric representations of the 
respective sector. 

Two branes, which are parallel w.r.t. to one torus T2, but have non-trivial inter- 
sections w.r.t. to the remaining two tori T2,Tl, preserve N=2 supersymmetry. Hence 
open string sectors associated to such branes give rise to N=2 vectormultiplets and hy- 
permultiplets. From the sectors ab + ha, ah' + h'a, a'h + ha\ ... we obtain respectively 
^ib^ab^ ^ab'-^ab'^ ^i'b^a'b^ ■ ■ ■ copies of hypermultiplets in the bifundamental of the groups Ga 
and Gb- To the full correction A^^ these sectors constitute the one-loop gauge correction: 

^ab=' = -bl-' [lnT^VMT)\^ ~ k] . (3.57) 
Here, represents the wrapped brane volume (|2.2C1| ) 

V: = ^K + Wm:,\\ (3.58) 

w.r.t. to the torus T2 and the Kahler modulus T* is defined in ( p.l|) . The one-loop 
/3-function coefficient is given by (c/. Eq. ( |3.31|) ): 

6^r' = -2iV6 lit, lib ^(Qa) , (3.59) 

accounting for I^^ /^^ bifundamental representations (A^^, Nb) of the gauge group U{Na) x 
U{Ni,). This coefficient agrees with the field-theoretical N=2 one-loop beta-function co- 
efficient. Furthermore, the one-loop corrections from the open string sector aa' + a' a take 
a similar form, with the /3-function coefficients: 

blr' = -4 iV„ 7^, /L, TriQl) , 

According to ( |3.1|) the one-loop gauge threshold correction A^^ to the gauge group Ga 
is organized as a sum over all possible individual gauge corrections A^b, Aao,/ and '^a-cme''a 
originating from the various open string sectors encountered before. Apart from the topo- 
logical numbers ( |3.51| ), (|3.56|) , ( p.59|) and (|3.60|) these corrections take a rather universal 



form, given by ( |3.50| ) and ( p.57|) . Hence the latter represent the two basic building blocks 
for the one-loop gauge correction A^^, valid for any orbifold/orientifold backgrounds. It 
is quite reassuring, that the numbers ( p.6|) , (|3.18| ) and ( |3.26|) arising from the string cal- 
culation precisely match (up to a sign) the field-theoretical expressions. The same applies 
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for the N=2 (string-theoretical) /9-function coefficients ( p.31|) , ( p.35| ) and ( p.38|) . To con- 
clude, the gauge threshold correction Aq^ is fully determined by the two basic functions 
( p.50|) and (|3.57|) , the model dependent angles and moduli entering those functions and 



the field-theoretical /3-function coefficients. 

This is in close analogy to the results on the heterotic side or for type / orientifolds 



with non-intersecting D9 and D5 branes [18,19]. On the other hand, from the close 



analogy between one-loop gauge threshold corrections from the N=2 sectors of intersecting 
branes, given by ( |3.57|) , and one-loop gauge threshold corrections from the N=2 sectors 
of type / orientifold compactifications, one would have been tempted to speculate, that 
one-loop gauge corrections from N=l sectors are also moduli independent constants, just 
as they are in type / orbifold/orientifold compactifications with parallel branes ||T8|,p!9 



However, through ( |2.2| ) (or more precisely (|3.11[ )) the angles c/);^^ imply a non-trivial radius 
R-{, R2 dependence of ( |3.5U| ), which we shall uncover in the next subsection. This leads 
to interesting moduli dependence of one-loop gauge corrections for N=l supersymmetric 
brane world models. 

3. 6. Moduli dependence of N=l gauge threshold corrections 

In ordinary orientifold compactifications, where the angles (jP = inv^ take discrete 
values, the 6'-functions in ( |3^ ) do not give rise to any moduli dependence, and the N=l 
threshold correction A^^""^ is just a constant, in agreement with the results of [|T8| , p!9[| . This 
is obvious from our general result ( |3.16| ), which holds for arbitrary orientifold/orbifold 
backgrounds with intersecting branes. The same applies for ( |3.21| ) and ( |3.28|) . However, in 
the case of branes at angles (p^ , the angles are given through the relation (|2.2| ). Therefore, 
the latter implies a non-trivial dependence of A^^""^ on the radii R-{, R2 encoded in ( |3.11|) . 
We want to determine this dependence in this subsection. 

Rather than starting with (|3.7|) as before, we shall start with the relation 



^^ln9^iiv,r) = -^^-2n^(F-^) f^F''^ C,,{t) , (3.61) 
^ ^ ^ k=i 



9i{iv,T) 

which can be derived from Eq. ( |3.7|) and 



dF 

nv = arctanh F , — = n(l- F^) . (3.62) 
dv 



2k k 



Here, the functions C2A;(r) are given by 

= E ( ) = 5Z ^(^' ^) (1 - ^2n) , (3.63) 
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with the coefficients: 



c(l,l) 


1 

~ 6 ' 




1 

~ ~90 ' 


c(2,l) 


2 

" 9 ' 


c(2,2) 


c(3,l) 


23 
~ 90 ' 


c(3,2) 


1 


c(4, 1) 


88 
315 


, c(4,2) 


22 
675 



1 



(3.64) 



945 



' c(4,3) = — - , c(4,4) 



2835 ' ^ ' ^ 9450 
Inserting ( |3.61| ) into ( |3.4| ) we obtain: 



aN=1 xN=1 



poo 3 / 1 \ °Q 

+ 4i 6:r^ / dlJ2{Kb-TT] Y^^Fibr C,,{r) , (3.65) 

•^0 j = l V ^a6/ fc=l 

with the background gauge fields 

Kb = tanh(7rt;^J = -itan((/)^^ - (t>>^) 

^^ -17^' (3.66) 

{ni + miU^){ni + m{U^) + (n;^ + miu^){n{ + m{U^) 

and the C/F-divergent part 5^;,^^, given in ( p.lO|) , and eventually cancelled in the whole 
result (|3.1|). Using the integrals ( p.l3| ) we obtain: 

^ab = (^ab - 47rZ b^i, 



X 



j = l \ ^ ab / k=2 n=2 ^ J\ ^ri] 



- + 13 b^^' c(3) $:(i^,)^ 



'''^^ (27r)-2-(2n)! 



(3.67) 

Similar expressions can be derived for the other two corrections A^^^ and ^^'^T^Qk^- 

The series in the expression ( p.67| ) shows some interesting form, which may resemble 
its origin from D = 10 type IIA string theory. In fact, in the one-loop N=2 prepotential 
in d = 4 (describing corrections [^) or the N=l prepotential (describing F"^ correc- 
tions IQ) in (i = 8, there occurs a ({3) and C(5), respectively as a result of dimensional 
reducing higher gravitational couplings from d = 10. Thus it is tempting to believe, that 
the coefficients ^(2n — 1) in the series (|3.67|) also originate from higher gravitational cou- 
plings in d = 10. Furthermore, the latter prepotentials have a geometric meaning in the 
corresponding dual string theory, which should also be the case here (c/. the remarks in 
the conclusion). 
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3. 7. Explicit results for the Z2 x Z2 orientifold 

In subsection 3.4 we have verified the absence of tadpoles in the one-loop gauge 
corrections (|3.1| ) for the Z2 x Z2 orientifold with intersecting branes. This proof assumed 
an arbitrary choice of intersecting brane environment with the only condition on the latter, 
that it had to fulfill the vacuum tadpole conditions ( |3.49| ). In this subsection we take for 
the Z2 X Z2 orientifold a particular choice of intersecting branes, which obeys ( |3.49| ). For 
this model we shall calculate the corrections ( |3.1| ), which boil down to ( |3.44| ) for the Z2 x Z2 



orientifold. More concretely, we shall study one of the concrete models presented in [16 



This represents a special N=l supersymmetric solution of the vacuum tadpole equations 
( p.49|) with six stacks of D6 branes, whose wrapping numbers are displayed in the following 
table: 



Stack 


Gauge group 




0a 




Na 


SUSY 


1 


^7(3) x U{1) 


arctan(2L'') 


— arctan(2[7) 





6 + 2 


N = 2 


2 


Uil) 











2 


N = A 


3 


USp{A) 





arctan(2[/) 


— arctan(2C7) 


4 


N = 2 


4 


USp{8) 





7r 
2 


n 
2 


8 


N = 2 


5 


U{1) 


arctan(4L'') 





— arctan(4[/) 


2 


N = 2 


6 


USpiS) 


7r 
2 





7r 
2 


8 


N = 2 



Table 1: D6 hrane configuration: angles and supersymmetry 
w.r.t. the orientifold plane Q,TZ. 



The L>6-branes are assumed to pass through fix points. The requirement for N=l 
supersymmetry leads to the choice of complex structure moduli: U := = 2U^ = in 
the three internal tori Furthermore for an untilted torus a we have n = in (|2.27 ). 

As a concrete example we focus on the gauge group U Sp{4) referring to the third stack, 
with Na = 4. From the Table 1 we instantly see, that branes from that stack preserve 
at least N=2 supersymmetry with their orientifold mirrors a' = QTZa. Hence only the 
correction A^T^ has to be discussed for open string (annulus) exchanges between branes 
within the conjugacy class [a] = {a,Q7la}. Using ( |3.34D , I^^, = — 2m^?T.^, i.e. I^^, = —4 
and I^^, — 2 we obtain: 

A^^' = -32NaTr{Qlspi4)) [ln\v{iR\Rl)\'' + 2HR\) - k] . (3.68) 

Let us now determine the contributions from the Mobius sector. Without twist insertion, 
all the diagrams q-j^^ describe N=2 supersymmetric open string exchanges from brane 
a to its orientifold mirror a' = QTZa and we directly get from ( |3.37| ) 

= 16A^a nlmlml TriQls^^^^) [21ni?i + \n\7^{^RlRl)\^ - In 2 - ^] 

n r 1 11^ T (3.69) 

= -32iV„ Tr(Q2^5p(4)) [2ln RI + In \r]{iRlRl)\^ - \n 2 - k] . 
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Furthermore, a twist insertions uj does not act in the first torus, which is responsible 
for the zero mode contributions of ( |3.69D . Hence, in ( |3.69D we only have to change the 
intersection numbers referring to the second and third plane from I^'J, = 2mi to /'^'? = 2n^ 
and /^^? = — 2n^ to obtain: 

K':Sna = -16iVa nlnlnl Tr{Qlspi4)) [21ni?} + \n\ijitRlRl)\^ - ln2 - k] 

= -16NaTt{Qlsp(^^^)[2\nRl + ln\Tj{iRlRl)\'' -ln2- k] . 

On the other hand, the twist insertions 9 and 9u) lead to N=l Mobius diagrams, which 
after (|3.21| ) assume the form: 

^■N-i 1 9 . . 9 ^ r(i-^ + i)r(i-^-i)r(i-^) 



r(i + ^-i)r(i + ^ + i)r(i + ^) 



^2 N 1 1 - ^ arctan(2t/)]r[l + i arctan(2[/)] 
'USp^^)> 2 r[| + i arctan(2[/)]r[l - i arctan(2t/)] 



^a,^77^a - ^a"^a^a -Ln^^C/5p(4) J ^^^^ ^ ^ _ ^^^^^ ^ ^^^^^ + & + I) 



(3.71) 



2 X 1 r[l - iarctan(2t/)]r[i + iarctan(2t/)] 
= -16iV„ Tr(g^5p(4))ln-^^^ + iarctan(2t/)]r[f - J arctan(2t/)] ' 

Let us now come to the annulus contributions from open strings starting on branes a or 
their mirrors from the stack constituing the gauge group USp{4) and ending on branes b 
or their mirrors from different stacks. Summing up all N=2 sectors gives rise to 

A^r' = 32iV„ Tr{Qls,(^,^) [-61ni?} - 2 In i?? - 2 In i?^ _ in (|| + 4||) 

- 3 In \r]{iRlRl)\^ - In \r]{iRlRl) 1^ + 4k] , 
whereas the N=l sectors sum up to: 



(3.72) 



r[l - i arctan(2t/)] r[i + ^ arctan(2t/)] 



r[| + i arctan(2m] r[l + 2^ arctan(2m] 

+ 32 ln4l T ^ + 64 In 4 ^ ^ 

r[| - i arctan(2f/)] r[l - 2^ arctan(2f/)] 

^ ^ r[l - i arctan(4t/)] ^ ^ r[l + ^ arctan(2t/) - ^ arctan(4f/)] 

^ ^ r[l + i arctan(4t/)] r[l - ^ arctan(2t/) + ^ arctan(4[/)] 

r[l + i arctan(2C/) + ^ arctan(4f/)] 



+48 In 

r[l - i arctan(2C/) - ^ arctan(4t/)] 

(3.73) 

Finally summing up all seven contributions ( |3.69| )-( ^.73|) gives the one-loop gauge thresh- 
old correction A(75p(4) to the gauge group USp{4): 

A _r,A6l;N=l r,Aet^;N=l AAr=l aN=2 I r,A0;N=2 r,AC^;N=2 AAr=2 {o7A\ 
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4. Conclusions 



We have calculated the one-loop corrections to gauge couplings in N=l supersymmet- 
ric brane world models. These models are realized through stacks of D6 branes, which are 
placed into an orbifold/orientifold background of type II A string theory and wrapped on 
3-cycles with non-vanishing intersections. The one-loop gauge thresholds are organized as 
a sum ( |3.1[ ) over the corrections coming from the individual open string sectors stretched 
between the various intersecting L>6-branes. The correction associated to one of this sector 
takes a universal form given by the one-loop /3-function coefficient multiplied by one of 
the two basic functions ( |3.5UD and ( |3.57| ). The moduli dependence of this sector enters 



these functions through the respective angles describing the open string sector (encoded 
in (|3.11|) ). Hence the complete correction A^^ is fully determined by the two functions 
( p.50|) and (|3.57|) , the model dependent angles and moduli entering those functions and 



the field-theoretical /^-function coefficients. 

The super symmetric orientifold models considered here map in the strong coupling 
limit to compactifications of M-theory on certain singular G2 manifolds. Thus our N=l 
gauge threshold function ( |3.50|) is possibly related to the recently calculated Ray-Singer 
torsion of singular G2 manifolds ||3^. Besides ( |3.5C1| ) may give a hint on the form of 
non-perturbative corrections to the gauge couplings on the heterotic side. In view of Refs. 
[|3^,^ the correction ( |3.5C1| ) represents an other class of function, which describes one-loop 
couplings with only 1/4 BPS states contributing and which maps to non-perturbative cor- 
rections on the dual heterotic side. Hence the object entering the integrand ( p.4| ) represents 
a (weighted) counting function of these states, which is mapped on the dual heterotic side 
to a possible topological quantity, associated to the singular G2 compactification manifold. 

Since the angles are related to the radii of the type II A compactification through 
( 3.66I) the angles imply a non-trivial radius dependence, shown in (|3.67|) . This has the 
consequence that, in contrast to what is known from ordinary orbifold/orientifold theories, 
N=l subsectors do give rise to moduli-dependent one-loop corrections, which may become 
huge for certain regions in the moduli space. This fact has an important impact on the 
unification scale and other phenomenological properties in intersecting brane world models 
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Appendix A. Modular functions and Dirichlet series 

In this appendix we want to investigate the following type of integrals 



oo 

J dy y'-' [E2kiiy) - 1] (A.l) 



as they appear in the calculation of one-loop gauge threshold corrections for N=l sectors 
(cf. ( p.65| )). Essentially we shall prove Eq. ( |3.13| ). This leads us to the connection between 
a modular form with Fourier series 

oo 

/(r)=c(0) + J]c(n)e2™ (A.2) 

n=l 

and the Dirichlet series 

DW^fM, (A.3) 

n=l 

which was established by Hecke, see e.g. ||38|| . Let us review the relevant steps. If / is an 
element of the set of all entire modular forms of weight 2k, its Fourier coefficients fulfill 
c(n) ~ 0{n'^^~^). Hence the series ( |A.3| ) is absolutely convergent for Re(s) > 2k. For 



k > 1 the isomorphism between (|A.2|) and (|A.3|) is made transparent through the integral: 



(27rn)-" T{s) = J y''^ e-^^^"^ dy , Re(s) > . (A.4) 



With multiplying both sides by c(n) and sum over n we obtain: 

oo 

{2n)-^ T{s) D{s) = J y^-' [f{iy) - c(0)] dy . (A.5) 



In the above step we exchanged the order of summation and integration, which is only 
valid for Re(s) > 2k. However, after explicitly evaluating^ the integral on the r.h.s. 

oo 

{2n)- r{s) D{s) = I [y' + {-iry''-][f{ty)-cmdy-c{0) + (A.6) 



^'^ This makes use of the modular behaviour of /, which is guaranteed for fc > 1, what is our 
assumption. Note, that tliere does not exist a modular function of weiglit 2. 
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one may obtain an analytic continuation to the region Re(s) < 2k with D{s) fulfiUing the 
foUowing functional equation |p8|| : 



(27r)-" T{s) D{s) = (-1)^ {2ny-^^ T{2k - s) D{2k - s) . 
At s = 2/c there is a pole with residue: 

(-1)^ (27r)^^ c(0) 
T{2k) ■ 

The procedure outlined above may be applied for the Eisenstein series 



E2k{.T) = 1 + 



with: 



oo 

a2fc-i(n) = _ 



k>l 



(A.7) 



(Ai 



(A.9) 



(A.IO) 



d=X 
d\7i. 



The Dirichlet series associated to the function /(r) = E2k{T) may be obtained from ( [A .51 ) 
for Re(s) > 2/c. With using (|A.4| ) we may evaluate the following integral for s > 



iTxn 



(27r)-^ T{s) D{s) = j y^-' [E2k{iy) - 1] dy 

oo 

r(s) 5^a2fc-i(n) (27 

n=l 
oo oo 

m=l d=l 

(27r)-^ r{s) C(l + s-2A;) C(s) ■ 
Thus, for Re(s) > 2k we obtain the Dirichlet series 

{27Ti)^^ 





(27rz; 


2A: 


{2k 


-1) 






{21,1] 




{2k 


-1) 






(27rz; 




{2k 


-1) 


C(2A;) 



(A.ll) 



D{s) 



C(l + s - 2A;) C(s) , Re(s) > 2k 



(A.12) 



(2fc-l)!C(2fc) 

associated to the modular function E2k- However, if in addition /c > 1, the relation (|A.7| ) 
may be applied to give us the analytic continuation of ( |A.12|) to the region Re(s) < 2k: 

D{2k-s) 



D{s) = {-if (27r)2«-2^ ^^^^ 



ns) 

{2k%{2k) (-l)-(2^)— ^C(1-.)C(2.-.) , Re(.)<2. 



(A.13) 
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The previous equations allow us to extract an expression for the integral ( |A.1|) : 

oo 

J dy y'-^ [E2k{.ty)-l] 

(2fc-r)fc(2fc) (2^)"' C(l + s - 2/c) as) , Ke{s) > 2k , 

(2.-i7.c(2fc) (-1)' (2^)'"'" r(2fc - s) C(l - s) C{2k - s) , Re(.) < 2k . 

(A.14) 

In particular, the case s = 1 leads to {k > 1): 

oo 



(A.15) 



C(2fc-1). 



(1 - 2A;)C(2A;) 



This result may be also directly anticipated from regulating the integral ( |A.llD . Indeed 
replacing in ( [A.ll| ) the integer s by 1 + e, with e > playing the role of a regulator, we 
obtain: 

oo 

j dy y^ [E,,{ty) - I] = ^ ^^^^^ {2n)-'-^ V{1 + e) C(2 + e - 2k) C(l + e) 

-\ i2k-iya2k) (-1)' (2^)'"'' r(2/c - 1) C(2fc - 1) + 0{e) , k>l, 
^.+0{e), k = l. 

(A.16) 

The case k > 1, clearly agrees with ( [A.15| ) in the limit e ^ 0. However, in addition ( [A.16| ) 
yields an (regularized) expression for the case k = 1. 

Similarly, for the Mobius diagram we need the integral: 



oo 

J dyy' [E2k{iy-^)-l] 



^ ' (27r)-i-^ r(l + e) C(2 + e - 2k) C(l + e) n(e, k) 



{2k-i)\a2k) 

-1 2''-' i2k%fci2k) (-1)' (2^)'-'' r(2fc - 1) C{2k - 1) + 0{e) , > 1 

^ + ^ + 0(6), k = l. 

(A.17) 

The projectoiii^ 

n(e, k) = 2-1+2^=-^ + 2"^ - 7 ■ 4-2+'=-^ - 1 (A.18) 



IS In Eq. ( [AlT|) it manifests in the sum over m and d as i [1 + (-I)""] [1 + (-1)'^] - (-1)'^+™. 
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steams from the | in the argument of the Eisenstein function. Thus the effect of the latter 
is the additional factor 2^'^"'^ and a slight modification in the regularization of the case 
k = 1 compared to (|A.16|) . 



Appendix B. Spin— structure sums in the gauged open string partition function 



To perform the even spin-structure sum of (|2.29|) , supplemented with the relevant 
piece at 0{B'^) order ( |3.3D , the following identity, which follows from applying the Riemann 
identity (c/. e.g. p3]), is useful: 



Q2 



Si 
S2 



S2 



S2 



Si 

S2 



z=0 



i^rr' 01 

2 " 2 ' 



+ f^il ^ ' 2 ' ^ ' g'l T • : " 1 Oil" 



+ 7, 



+ ^l[ 



Oi 



Oi 



.v^ +v^ + v'- 



.v^ +v^ + v'- 



O'll 





- z;^^ 


^ 2 




^v^ + 


- z;"^^ 


^ 2 
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- ^ 
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"'if/ 



Qi 
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]^i[ 
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Oi 
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1 I 9 " 



^1 



^1 
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^'1 



Oi 
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.v^ — + 



2 



Oil 



2 



0[ 
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0[\ 
Oil 
O'll 
O'll 
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2 
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J 



(B.l) 



Let us notify the identity ^i(0, r) = — 27r r]{T)^, which will be used in the following. 

B.l. N=l supersymmetric sector: 7^ and ±v'^ ±v'^±v^ = 

In this case N=l supersymmetry is preserved and one-loop corrections to gauge cou- 
plings are generically non-vanishing. Using ( |3.3| ) and (|B.1| ) the part of ( |2.29| ), which is 
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relevant for the gauge threshold corrections becomes: 



5^ ~ - 



B=Q 



r / 1 



X 



5i 

S2 



(0,r) 



6* 










'<5i" 


(it;-^, r) 




" 1 " 

2 
1 

. 2 . 


{iv\T) e 


" 1 " 

2 
1 

. 2 . 




" 1 " 

2 
1 

. 2 . 


(zi''^, r) 



-TT /„b Z (-1 



1# 



"^i(z?;i,r) ^i(zt'2,r) ei{iv^,T) 



(B.2) 

with ^ accounting for the number of minus signs in the combination ±f ^ ± f ^ ± f and 
the modular parameter r = 2il for the annulus in the closed string channel. 



B.2. N=2 supersymmetric sector: f 0, = and ±v^ ±v^=0 

In this case N=2 supersymmetry is preserved and again one-loop corrections to gauge 
couplings are generically non-vanishing. Using ( |3.3D and ( |B.1| ) the piece of the gauged open 
string partition function (|2.29| ), needed for the gauge threshold corrections becomes 



dB"^ 



B=0 



X 



S2 



S2 



(0,r) 



9 


'<5r 


{iv\r) 9 


~5i~ 
52 _ 


(zf-^, r) 




" 1 " 


{iv\T) 9 


" 1 " 


(zf-?, r) 


9 


2 
1 

. 2 - 


2 
1 

- 2 - 



For the spin-structure sums in -^^Mai^B) and -^^Aaa'^B) 
expressions. 



(B.3) 

we obtain similar 



B=0 



Appendix C. UV limits of the gauged open string partition functions 

In this appendix we derive the UV limit t ^ of the expressions Eqs. ( |2.17| ) , ( |2.21|) , 
and ( |2.23| ). We determine this limit from the closed string expressions ( |2.29D , ( |2.3UD , and 
( p.32| ), where this limit corresponds to the IR limit I oo. We use the product expansion 
for the ^-functions 



9 



Si 

52 



^2-Ki5i{z+52) J^(l_g'^) e27ri(2+52)^ (^1 -|_ g"-'^! - 5 g-27ri(2+52) ^ 



n=l 



(C.l) 
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to derive the limits 



lim 9 

T— >ioo 



5i 

S2 



(iz, t) 



1 + 2gi/2 

1 - 2gi/2 cos(27rz4 
2q^/^ cos{niz) 
—2q^/^ sm{niz) 



Si 
Si 
Si 
Si 







1 

2 

1 

2 



S2 
S2 
S2 
S2 



, 
1 

2 ' 

^0 , 
. 1 

2 • 



Furthermore we notify 77(r) Q^^^'', and the useful relations: 



cos(i7rf^) = cosh(7rf^) = cos(0;^) = 
sin(i7rf^) = isinh(7rw^) = sin(0;^) = 

cot{iTTvl) — — icoth(7rf^) = cot(0;^) 

cos{invli^) = cos((/)^ - (/)^) 
1 



ni^Rl + rni^Ri^ cos 



sm a-' 



mai?2 sin 



vivi 



{R{) nl^nl + (i?2) TO^TO^ + R{R2{nl^ml + nlml^) cos a-' 



1 1 Ti 



(C.2) 



^HiT^Kb) = - 0i) = R{Rl 

R{Ri 



niml - nlmi 



vivi 



sm a- 



■ f 



2 ^'Ji;i ' 



vivi 



Vivi 



R-' ■ ■ R-' ■ 

^<^6 + -^^iK + «™6 + ^6™a) COS + U^^^ sin 
K2 



(C.3) 



with 




2 'ni + mit/J-p 



(ni)2(i?^i)2 + (mi)2(i?^2)2 + 2nimiR{Ri cos a^' (C.4) 



describing the volume of brane a, which wraps the torus T| with wrapping numbers 
(n^,m^). The above expressions are written down for an A torus, i.e. the lattice basis 
vector ei is aligned along the y^i-i g^xis. However, these expressions may be also used 
for a B type lattice after properly redefining the brane wrapping numbers {na,ma) into 
{na,rha). The latter are determined by the relation of the ^-lattice basis vectors ei, 6*2 to 
the S-lattice basis vectors e^i, 62- The same applies for the case of tilted tori. 
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In the following we shall consider the cases d = 2, 3, appropriate for intersecting D6 
branes. For the i?-sector 5= (|,0), we obtain in the limit I — > oo: 



R 



Aif{B) 



R 



lab /3a6COt(7rea6) JJcot(i7rW^j,) 
3 



=n 



+ ^-3^irni + «™6 + ^6™a) COS 

K2 -Ki 



1 



sin a-? 



' llb^lb /^ab cot (Treab) cot(i7r'i;^^) 



-^K'nl + -^mlml + {niml + nlm^) cos a-' 
^1 



i?2 



1 



sin CK^ 



(C.5) 



R 



laa' Paa' COt(7reaa') Yl ^^^i^'^^la') 
3 = 1 



X 



n 

i=i 



— ^nini, H ^mimi, + (nimi, + ni,mi) cos a-' 

K2 -fti 



1 



sin 



i=i 



R^ ■ ■ R^ ■ ■ 

Ri 



R 



2 



sin 



(C.6) 



^{B)\^ - -4/3, cot (^) n cot(z7r^,^^^) 



-8^^a' nT^.'^a n COth(7r^,^^^ ) , 



^ -2^--/3«cot (^) ^^6. n^o^.^a^ot(mz;f^^) 



(C.7) 



S'-'^^oe. n2'^^i^7e.^aCoth(7r.,^-). 
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For the NS-sectors S = (0,0), (0, we obtain: 



NS ' 2 ^""^ sinh(7rv^(,) sinh(7rv2(,) sinh(7rv3^) 



X 



i=== + l^/l + n^qlB^ [-1 + cosh(27r^;^;,) + cosh(27r^;2(,) + cosh(27r^;^(,)] I , 



NS 2 



ab ah 'a 



X 



^ , + + [cosh(27r^;^,) + cosh(27r^2^)] ^ . 



(C.8) 



Furthermore, for gauged open string partition function with both string ends carrying 



charges qa-, qa' of the gauge group Ga, we determine: 



laa' 



NS 2 sinh(7rv^^,)sinh(7rt;2^,)sinh(7rv3^,) 

(1 - Tr'^qaqa'B^)^ 1 r— 2 2U2 o 2 d2 



X 



y/l + 7r^qlB^^l + 7r^q^^,B^ 2 
X [-1 + cosh(27r^;L,) + cosh(27r^;L') + cosh(27rt;l,)] } 



Tl t2 

aa' aa' 



(1 - n'^qaqa'B 



2\2 



NS 2 " sinh(7r^;i,,)sinh(7r^;2^,) [ ^1 + ^r^q^B^^l + 7T^q'^,B^ 
+ lyrT^^2^ ^l + 7r292,S2[cosh(27n;L0 + cosh(27r^L')] j , 



r' Ai=?{B) 



NS 



X < \ 



2^1 + 7r^qlB^^l + 7r^ql,B'^ 



(C.9) 
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And for the gauged Mobius partition function we obtain: 



-4i i: 



NS 



sinn(7rfa ) sinn(7rfa ) sinn(7rfa J 



1 + TT^q^B^ ^ J 



NS 



1 



sinh(7rfa'^) sinh(7rfa 



1 



1 



1 + Ti^q^B^ ^ 

(C.IO) 



Obviously, the i?-sector [Eqs. ( |C.5| ), (|C.6| ) and (|C.7| )) shows a very simple dependence on 

the magnetic field B. In fact, only ^4^^,(5) shows a quadratic order in B. However, 

J? 

with taking into account the condition ( |3.24| ) we conclude, that there are no tadpole 
contributions in the i2-sector for anomaly free gauge groups. This fact is not true for the 
A^S'-sector, which has generically a functional dependence on the magnetic field resembling 
the relevant Schwinger expressions from field theory. Note that for the N=2 sector, in the 

±1/2, this functional behaviour boils down to the expressions for the 



case of 



Z2 orientifold presented in [|T8[ . To discuss the possible tadpole contributions in subsection 
3.4. we only need from Eqs. ( |C.8|) , (|C.9|) and (|C.10|) the second order parts in B, which 
take the form: 



Aif{B] 



—I 



NS 



lab { n coth(7rz;^J 



3 



n ^oth(7r^^,) - n — 



2 2 

ncoth(7r^^,)- J]- 
i=i 



+ 0{B^) 



+ 0{B^ 



(C.ll) 



These identities assume the supersymmetry conditions f + f + f = for A^j, ^ and 
vlfj + v'^ij = for A^^^, respectively. Furthermore for the annulus between one brane a 
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from stack a and an other brane a' from its mirror: 



NS -^-^ 



6 1 



i=i 



-^-^ smnlTrt;:'^, 

3 



TVS 



{-1 + B\^qaqa') n 



^1 



i?2 



n^a'^a COS 



1 



sin a-' 



(C.12) 



d=3 



Again these identities rely on the supersymmetry conditions + f + f = for A 
and + = for A'^f'^, respectively. Finally, for the Mobius function the lowest 
expansion in F of (|C.10|) yields in case of N=l and N=2 supersymmetry, respectively: 



NS 



JJ^ coth(7rf 



JJ^ coth(7rt; 



3 = 1 



1 

k-^j) - TT - 

smh(7rt;a ; 



+ 0{B' 



-1 T\4-k;d=2 



NS 



-32 iSine^jSine^a ^o., { W^ot^nvt^^) 



i=i 



I ■'■ 2 2 d2 
+ 2^ 



JJ^ coth(7rf 



+ 0{B' 



j=i j=i sinh(7rt;o 

(C.13) 

Of course, in the case of supersymmetry, the R and NS vacuum tadpoles are the same 
up to a minus sign as a result of vanishing vacuum partition function. However, this is no 
longer the case for our open string partition functions depending on the space-time gauge 
field B. For the case (i = 3, describing the N=l sectors, the total NS tadpole contributions 
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at order can be read off from the results (|C.11|) , ( |C.12|) and (|C.13|) . Note, that these 
expressions are the same as the one given in Eqs. ( p.40| ), ( |3.41| ), and ( |3.42| ). This is due to 
the general identity 



coth(7rf ^) coth(7rt;^) coth(7rf"^) H — r 



sinh(7rf ^) sinh(7rf ^) sinh(7rf 
= coth(7rz;^) + coth(7rz;^) + coth(7rz;^) , 



(C.14) 



valid for the supersymmetric case f = 0. Similar for the N=2 sector contributions 

(i = 2, derived in ( |C.11| ), (|C.12| ) and ( |C.13|) , we may use the identity 



— coth(7rt;^) coth(7ri;^) + — 



sinh(7rf ^) sinh(7rf 2) 



(C.15) 



for the case f^+f^=Oto make contact with the UV-divergent expressions from subsection 
3.3. 
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